ABSTRACT Classical lattice theories of systems of long-chain molecules provide estimates of the number Z of random configurations to the exclusion of ordered ones. The decrease of Z thus estimated to values <<1 with decrease in chain flexibility at high densities is genuine, but it does not take account ofeligible ordered configurations; the latter are not a subset of the configurations whose numbers are estimated by classical lattice methods. Failure to recognize this fact and the fundamental distinction between disordered and ordered states has engendered misinterpretations and has cast doubt on the validity of lattice-statistical methods. In a system at equilibrium,, the decline of Z (disordered) with decrease in chain flexibility must be arrested by a first order transition to an ordered state. The inference that approach of Z (disordered) to values <1 presages a thermodynamic transition of second order is tenable only ifthe array ofordered configurations, not comprehended by theories in which the mean field of unoccupied lattice sites is random, can be ignored.
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Lattice models have found widespread uses in treatments of liquids and liquid mixtures. A procedural device invariably used in their application is the assignment of each molecule, or appropriate subdivision thereof in the case ofcomplex molecules, exclusively and. uniquely to one cell of the lattice. In this way, complete allocation ofspace is achieved without intrusion ofthe domain occupied by one molecule on that of another. The scheme finds partial validation in the generalization, now well established, that the structure of liquids is determined predominantly by intermolecular repulsions (1, 2) . In good approximation, therefore, the molecules may be considered as impenetrable "hard" bodies. The successes of lattice theories, especially as applied to the deduction of the combinatory contribution to the partition function for mixtures, may mitigate in some measure one's concerns for the inherent physical artificialities of the lattice model:
In applications of this model to chain molecules (3) (4) (5) (6) (7) (8) (9) , it is obligatory to treat the molecule as a succession of structural entities, usually called "segments," connected one to another in linear succession with each segment uniquely occupying one cell ofthe lattice. To meet this requirement, the chain segment must be chosen so as to be isodiametric-i.e., ofa length matching the mean breadth of the chain molecule. The segment so defined may be unrelated to the "statistical" segment required to depict the flexibility of the chain molecule, which depends on bond structure and torsional potentials affecting bond rotations-features that are not directly relevant to the hypothetical subdivision of the molecule in order to render it compatible with representation on. a lattice.
Classical lattice statistics
Lattice theories that address the statistical-thermodynamic properties of mixtures containing long-chain molecules depend essentially on estimation of the expectation Pi + ] that a contiguous sequence of lattice sites, arranged as required to accommodate the segments of a chain molecule in a specified spatial configuration, are vacant when j chain molecules have already been inserted in the lattice consisting of no sites (3) (4) (5) (6) (7) (8) (9) (10) . In classical theories of disordered systems, it suffices for most purposes to identify the expectation that a given site is vacant with the a priori probability pji = (no -xj -i/no [1] of a vacancy, where x is the number of segments in a chain molecule and i is the number of segments of molecule j + I previously assigned to the lattice (5, 6, 10) . In better approximation, but at expense of simplicity, account may be taken of the conditionality resulting from vacancy of the adjoining site reserved for occupation by the preceding segment of the given chain (3, 4, '7--9). Then, p= (no -Jx -i)/[no -2(jx + i)/q], [2] where q is the coordination number of the lattice. The expectation v, + I comprises the product of the number n -xj of vacancies accessible to the first segment and a factor Pji for each succeeding segment. In the first approximation (Eq. 1), which generally is satisfactory in three dimensions, Vi + 1 = (no -xj)!/(no -xj -x)!nox'i. [3] The partition function for the system is obtained according to n2 Z = (Zj2fJ [4] where Z, is the intramolecular chain configuration partition function for the system containing n2 polymeric molecules. In the absence of other components (e.g., solvent molecules) and for large x, one obtains for the partition function lim Z = (za)',
x--oo [5] %vhere zC = ZC1, is the factor contributed to the intramolecular partition function per segment and a is a constant. Use of Eq. gave explicit form to z, through resort to an oversimplified model. It consists of a series of segments joined by bonds that prefer to adopt the conformation in which each is collinear with its predecessor. Taking the energy associated with each of the q -2 alternative conformations to be E relative to zero for the preferred collinear one, we have at once that zc -1 + (q -2)exp(-T-') [8] where t is the reduced temperature defined by t = kJc/e. [9] For Z to exceed unity, this model requires that
[1o] This simple model for a semirigid chain, originally-presented primarily for purposes of illustration, has subsequently been used for representation of real chains, few of which are compatible with its specifications. Not infrequently, for example, the mean extension of the chain (as measured by its radius of gyration) increases with temperature, instead of decreasing as this model requires. Furthermore, the diverse conformations accessible to real chains rarely admit of representation by two alternatives, one extended and the other sharply flexed. ] the total number of configurations . . becomes less than unity. In a literal sense, this result is physically unacceptable, for there will always be at least (italics added) one configuration, namely, the perfectly ordered initial state, available to the system. In deriving the preceding equations, however, we have assumed implicitly that neighboring sequences are uncorrelated in direction and configuration; moreover, the method used involves estimation of the partition function for the system as a whole from the average situations for near neighbors. Hence, the result obtained does not include states of long-range order. The preceding relations may be considered, therefore, to represent (approximately) the disordered states only."
Authors of more recent papers (14-16) have overlooked this restriction on Z as formulated above, a restriction that limits it to representation of states of disorder. Observing that ordered states may always exist for any degree ofmolecular rigidity, they have inferred that the above derivation, its incontrovertible simplicity notwithstanding, errs in grossly underestimating the number ofconfigurations accessible to systems ofrigid, or semirigid, chains obliged to adopt ordered arrays. They thus repudiate the "entropy catastrophe" signified by Z c 1, attributing it to a fallacy of classical lattice theory.
The entropy catastrophe indicated by this theory is in fact genuine in the sense that it reflects a physical reality. It rests on the self-evident impossibility of packing long rigid chains, or rods, to high density in disordered array, an assertion that transcends the artificialities of any model. A value of Z < 1 becomes inescapable, however, onlv for states of disorder. The total number of accessible configurations, inclusive of ordered states, obviously can never be less than unity. But the ordered configurations are not a subset of the configurations calculated for states of disorder.
System of rigid rods
The foregoing generalizations are most clearly illustrated by systems of rigid "hard" rods, for which a partition function can be formulated that embraces both ordered and disordered states (17) (18) (19) . The partition function Z for such systems can be expressed in first approximation as an explicit function of a disorder index y, which ranges from unity for perfect order to x, the axial ratio of the rod, at complete disorder (17) . Generally, dZ/dy > 0 at both limits.t For x > 2e, Z exhibits a maximum and then a minimum with increase in y. The The statistical mechanical theory of systems of rodlike particles and its confirmation by experiments afford a particularly striking illustration ofthe necessity to distinguish ordered from disordered states in systems ofasymmetric particles. The theory is readily extended to macromolecules consisting of rodlike sequences of segments with successive sequences connected by fully flexible linkages (20) . Biphasic equilibria deduced for solutions of these hypothetical molecules differ little from the equilibria for systems of disconnected rods of the same axial ratio. This model may offer a more versatile approximation to real semiflexible chains than the one introduced in ref. 11 and discussed here in deference to its widespread use.
Lattices and lower bounds
Two simple lattices prominently considered are the tetrahedral lattice and the planar square lattice (13-16): For both q = 4; one extends in three dimensions, the other in only two. The former lattice appears superficially attractive on the grounds that the intramolecular configurations of many polymer chains, notably polyethylene, can be represented approximately thereon with carbon atoms ofthe chain backbone assigned to lattice sites and with skeletal bonds in trans and gauche conformations. [The intramolecular configuration is preferably treated without resort to a lattice and the unrealistic constraints on bond angles thus imposed (21)]. On closer examination this lattice will be seen to be unsatisfactory for treatment, in like manner, of the configurations accessible to a system comprising many polymer chains densely packed in. a condensed phase. The spatial requirements of the pendant hydrogen atoms and the much greater distances between nonbonded atoms compared with the length of the covalent C-C bond are not taken into account in this scheme. Consequently, the normal bulk density ofpolyethylene is reached with only about one-fourth of the tetrahedral lattice sites occupied by carbon atoms. Treatment ofa system of chain molecules in this manner is untenable.
A tetrahedral lattice may, of course, be used if the chain is represented by artificial segments suitably chosen according to the terms stated in the Introduction. The appropriate segment will thus include several skeletal bonds; in general, it will not correspond to a discrete unit of the chemical structure. With the adoption of such a model, direct correspondence with the conformational characteristics of the actual chain is forfeited. In particular, it is inadmissible to identify the energies for different dispositions ofthe artificial segments chosen to represent a chain molecule on either a tetrahedral or a planar square lattice with the energies for trans and gauche conformations ofthe real chain.t Gordon et al. (14) , and more recently Gujrati (15) and Gujrati Nagle (13) treated the melting of polyethylene in terms of a square planar lattice using, for the purpose the energy difference, ca. 500 cal/ [11] for small g, where g is the fractional number of right-angle connections, which they denote as gauche, disregarding the accepted chemical definition of this term. Taking the maximum term in the partition function ZGGc = E WHexp(-g/T, a [12] t being given by Eq. 9, cwhere e is the energy of a "gauche" bond, they obtain fcG = -g/(4 -3g)
[L13]
for the reduced free energy fGG=-fG/kBT per segment. In this equation, g denotes the value that yields the maximum term in Eq. 12; i.e., it is determined by (1/4)lnl(4 -3g)/g] -1/(4 -3g) -0.0710 -Th' = 0. [14] The reduced free energy according to Eq. 13 with g supplied by Eq. 14 is shown as a function of the reduced temperature by the curve labeled GG in Fig. 1 . Over the range included, g increases from 0 to 0.26, with g roughly proportional to T. The model retains a high degree of anisotropy at the small values ofg for which Eq. 11 holds; i.e., the Hamilton walks that are enumerated possess long-range order. This equation is, to be sure, a lower bound, but it does not follow that the number ofHamilton walks for given g would be greater in a less ordered array. On the contrary, there may be vastly fewer of them.
Substitution of Eq. 8 with q = 4 in Eq. 5 (12, 23, 24) and others (25, 26) have pointed out, the steady decrease in configurational entropy with decrease in temperature may be arrested somewhat before the system reaches the brink of the catastrophe.l The characteristics of a thermodynamic transition of second order will nevertheless be manifested.
It is essential to observe in this connection that the number ofconfigurations never vanishes (for T > 0); at least one ordered arrangement is always possible911 and the number of such configurations usually is much greater than unity. The theory of semirigid polymer chains therefore predicts a thermodynamic transition offirst order between disordered and ordered phases (11) . The transition may be likened to crystallization. However, the transition predicted on the basis of the preceding arguments arises entirely from intramolecular characteristics, implemented only by the "hard core" requirement of mutual exclusion ofoccupied space (i.e., prohibitionofmultiple occupation of lattice sites). Intermolecular attractive forces play no part in the scheme here described (1l). Crystallization of polymers, however, generally is assisted significantly by intermolecular attractions.
Lattice theory alone does not provide the basis for a transition of higher order. Only if the predicted transition of first order is somehow precluded may such a transition be encountered. Reasons for inhibition of the predicted transition of first order are not to be found in lattice theory for systems at equilibrium. § The entropy catastrophe is by no means peculiar to systems of polymeric molecules. It is encountered in liquids in general, as Richards (25) ber of acceptable arrangements that avoid overlaps. The theory provides no basis for preference ofone set ofconformations over another. This is implicit in the factorability of the partition function Z for the system into intra-and intermolecular factors (5, 6, 10, 11, (27) (28) (29) , a characteristic of Z that has been abundantly confirmed by experiments (see *). The expected number of acceptable arrangements for a given set of intramolecular configurations may be exceedingly small-i.e., generally much less than unity at high densities. This small expectation normally is counterweighed by the very large nurnber of sets of intramolecular configurations. If this latter number is diminished by "stiffness" ofthe chains, then the total Z for the random svstem mav fall below unity. Thus, from the standpoint of lattice theor it is the paucity ofintramolecular configurations that is responsible for the "catastrophe," not the intrinsic inability of certain of them "to pack together," as DiMarzio and Gibbs inferred.
I I Rigid chains ofhighly irregular structure may be an exception iftheir irregularity should be such as to preclude all systematically ordered arrangements.
The system may, of course, be unable to undergo the configurational rearrangements that would be required for attainment ofthe ordered state within the duration of an experiment, as Gibbs (23) has suggested. With further decrease in temperature and the concurrent decrease in the number ofdisordered configurations, the state of molecular torpor characteristic of a glass may then be reached. Such a transformation would exhibit the characteristics of a second-order transition (12, 23, 25, 26) . The inhibition of configurational rearrangements must be kinetic in origin, however; it is not comprehended in the statistical mechanics of the system at equilibrium or in the lattice representation thereof.
In sum, lattice theory alone does not provide the basis for a transition of higher order; specifically, it cannot ofitselfaccount for a glass transition having the superficial characteristics of a thermodynamic transition ofsecond order. Lattice theory leads unambiguously to the prediction of a first-order phase transition. A kinetic inhibition that precludes occurrence ofthis transition must be introduced to account for the manifestation of a transition of higher order.
